Abstract. In this paper, we prove that a normal subgroup N of an n-dimensional crystallographic group Γ determines a geometric fibered orbifold structure on the flat orbifold E n /Γ, and conversely every geometric fibered orbifold structure on E n /Γ is determined by a normal subgroup N of Γ, which is maximal in its commensurability class of normal subgroups of Γ. In particular, we prove that E n /Γ is a fiber bundle, with totally geodesic fibers, over a β 1 -dimensional torus, where β 1 is the first Betti number of Γ.
Introduction
Let E n be Euclidean n-space. A map φ : E n → E n is an isometry of E n if and only if there is an a ∈ E n and an A ∈ O(n) such that φ(x) = a + Ax for each x in E n . We shall write φ = a + A. In particular, every translation τ = a + I is an isometry of E n . A flat n-orbifold is a (E n , Isom(E n ))-orbifold as defined in §13.2 of Ratcliffe [14] . A connected flat n-orbifold has a natural inner metric space structure. If Γ is a discrete group of isometries of E n , then its orbit space E n /Γ = {Γx : x ∈ E n } is a connected, complete, flat n-orbifold, and conversely if M is a connected, complete, flat n-orbifold, then there is a discrete group Γ of isometries of E n such that M is isometric to E n /Γ by Theorem 13.3.10 of [14] .
Definition: A flat n-orbifold M geometrically fibers over a flat m-orbifold B, with generic fiber a flat k-orbifold F , if there is a surjective map η : M → B, called the fibration projection, such that for each point y of B, there is an open metric ball B(y, r) of radius r > 0 centered at y in B such that η is isometrically equivalent on η −1 (B(y, r)) to the natural projection (F × B y )/G y → B y /G y , where G y is a finite group acting diagonally on F × B y , isometrically on F , and effectively and orthogonally on an open metric ball B y in E m of radius r. This implies that the fiber η −1 (y) is isometric to F/G y . The fiber η −1 (y) is said to be generic if G y = {1} or singular if G y is nontrivial.
An n-dimensional crystallographic group (space group) is a discrete group of isometries Γ of E n such that E n /Γ is compact. We prove that if N is a normal subgroup of an n-dimensional space group Γ, then the flat orbifold E n /Γ geometrically fibers over a flat orbifold, with generic fiber a connected flat orbifold, naturally induced by N. Conversely, we prove that if E n /Γ geometrically fibers over a flat orbifold B with generic fiber a connected flat orbifold F , then this fibration is equivalent to a geometric fibration induced by a normal subgroup N of Γ.
An m-dimensional torus or m-torus is a topological space homeomorphic to the cartesian product of S 1 with itself m-times. Here a 0-torus is defined to be a point. We prove that if Γ is an n-dimensional space group Γ with first Betti number β 1 , then the flat orbifold E n /Γ is a fiber bundle over a β 1 -torus with totally geodesic fibers.
We illustrate the theory by describing all the geometric fibrations of the orbit spaces of all 2-and 3-dimensional space groups building on the work of Conway et al. [7] .
Normal Subgroups of Crystallographic Groups
The fundamental theorem of crystallographic groups is the following theorem.
Theorem 1. (Bieberbach's Theorems)
(1) If Γ is an n-dimensional space group, then the subgroup T of all translations in Γ is a free abelian normal subgroup of rank n and of finite index in Γ such that {a : a + I ∈ T} spans E n . (2) Two n-dimensional space groups Γ 1 and Γ 2 are isomorphic if and only if they are conjugate by an affine homeomorphism of E n . (3) There are only finitely many isomorphism classes of n-dimensional space groups for each n.
In dimensions 0, 1, . . . , 6, there are 1, 2, 17, 219, 4 783, 222 018, 28 927 922 isomorphism classes of space groups, respectively. See Brown et al. [4] and Plesken and Schulz [13] .
Let Γ be an n-dimensional space group. Define η : Γ → O(n) by η(a + A) = A. Then η is a homomorphism whose kernel is the group of translations in Γ. The image Π of η is a finite group by Part (1) of Theorem 1 called the point group of Γ. Let N be a normal subgroup of Γ. Define Span(N) = Span{a ∈ E n : a + I ∈ N} .
The following theorem strengthens Theorem 17 of Farkas [9] .
Theorem 2. Let N be a normal subgroup of an n-dimensional space group Γ, and let V = Span(N). Then V is the unique vector subspace of E n such that N acts effectively on each coset V + x of V in E n as a space group of isometries of V + x.
Proof. The coset space E n /V is a Euclidean space where the distance between cosets is the orthogonal distance in E n . The quotient map from E n to E n /V maps V ⊥ isometrically onto E n /V . Let a + I ∈ N and let b + B ∈ Γ, then (b + B)(a + I)(b + B) −1 = Ba + I ∈ N. Hence B leaves V invariant. Therefore Γ acts isometrically on E n /V by (b + B)(V + x) = V + b + Bx. Let T = {a + I ∈ Γ}. Then N/N ∩ T ∼ = NT/T ⊆ Γ/T, and so N/N ∩ T is a finite group. The group N ∩ T acts trivially on E n /V , and so N/N ∩ T acts isometrically on E n /V . Therefore N/N ∩ T fixes a point V + x of E n /V . This implies that the group N leaves the coset V + x invariant. Let As b + Ab + · · · + A r−1 b, d ∈ V , we have rc = 0, and so c = 0. Hence a ∈ V . Therefore N leaves V invariant. As V ⊥ ⊆ Fix(A) for each a + A ∈ N, we deduce that N acts effectively on V + x for each x ∈ V ⊥ . Let a 1 + I, . . . , a k + I be translations in N such that {a 1 , . . . , a k } is a basis for V . Then (V + x)/ a 1 + I, . . . , a k + I is a k-torus for each x ∈ V ⊥ . Hence (V + x)/N is compact for each x ∈ V ⊥ . Therefore N acts effectively as a space group of isometries of V + x for each x ∈ V ⊥ . Let W be a vector subspace of E n such that N acts effectively on W as a space group of isometries. Then V = W by Part (1) of Theorem 1. Thus the vector subspace V of E n is unique.
Let N be a normal subgroup of an n-dimensional space group Γ, and let V = Span(N). The group N acts trivially on E n /V by Theorem 2, and so Γ/N acts isometrically on E n /V by
Observe that N(b + B) fixes V if and only if b ∈ V . Hence the kernel of the corresponding homomorphism from Γ/N to Isom(E n /V ) is N/N where
As N ⊆ N, the orbit space V /N projects onto V /N. The orbit space V /N is compact by Theorem 2, and so V /N is compact. Hence, the group N acts effectively as a space group of isometries of V . Therefore N has finite index in N. The group N may be a proper subgroup of N. For example, if N = {a + I ∈ Γ}, then N = Γ. As N/N is a normal subgroup of Γ/N, we have that N is a normal subgroup of Γ. The group Γ/N acts effectively on E n /V as a group of isometries. Let H 1 and H 2 be subgroups of a group Γ. Then H 1 and H 2 are said to be commensurable if H 1 ∩ H 2 has finite index in both H 1 and H 2 . Commensurability is an equivalence relation on the set of subgroups of Γ. Proof. Suppose N 1 and N 2 are commensurable. Let T = {a + I ∈ Γ}. Now N 1 ∩ N 2 ∩ T has finite index in N 1 ∩ N 2 and N 1 ∩ N 2 has finite index in N i for
Conversely, suppose N 1 = N 2 . Now N i has finite index in N i for i = 1, 2. As N 1 N 2 ⊆ N 1 = N 2 , we have that N i has finite index in N 1 N 2 for i = 1, 2. Now 
Geometric Flat Orbifold Fibrations
We say that the normal subgroup N of a space group Γ is a complete if N = N. If N is a normal subgroup of Γ, then N is a complete normal subgroup of Γ by Theorem 3 called the completion of N in Γ. Lemma 1. Let N be a complete normal subgroup of an n-dimensional space group Γ, and let V = Span(N). Then Γ/N acts effectively as a discrete group of isometries of E n /V .
Proof. From the above discussion, we know that Γ/N acts effectively as a group of isometries of E n /V . As NT/N is of finite index in Γ/N, it suffices to show that NT/N acts as a discrete group of isometries of E n /V . Now NT/N ∼ = T/N ∩ T. We claim that the group T/N ∩ T is torsion-free. Let τ = a + I ∈ T and suppose tha τ r ∈ N∩T for some integer r > 0. Then ra+I ∈ N∩T. Hence ra ∈ V , and so a ∈ V . Therefore τ ∈ N ∩ T, since N is complete. Thus T/N ∩ T is torsion-free. Hence T has a set of generators {b 1 + I, . . . , b n + I} such that b 1 + I, . . . , b k + I generate N ∩ T. Then N(b k+1 + I), . . . , N(b n + I) generate NT/N. As {b k+1 , . . . , b n } projects to a basis of E n /V , we have that NT/N acts as a discrete group of isometries of E n /V by Theorems 5.2.4 and 5.3.2 of Ratcliffe [14] .
Theorem 4. Let N be a complete normal subgroup of an n-dimensional space group Γ, and let V = Span(N). Then the flat orbifold E n /Γ geometrically fibers over the flat orbifold (E n /V )/(Γ/N) with generic fiber the flat orbifold V /N.
Then the following diagram commutes
whereη and the vertical maps are the quotient maps. Hence η is a continuous surjection, and so (E n /V )/(Γ/N) is a compact flat m-orbifold with m = dim(E n /V ). Let x ∈ V ⊥ , and let
Then the stabilizer of V + x in Γ/N is G x = Γ V +x /N. By Lemma 1, the group G x is finite. Let r be half the distance from V + x to the set of remaining points of the orbit (Γ/N)(V + x) in E n /V . By Lemma 1, we have that r > 0. Let B x be the open ball of radius r centered at V + x in E n /V . The quotient map from E n /V to (E n /V )/(Γ/N) maps B x onto (Γ/N)B x /(Γ/N) which is isometric to B x /G x with G x acting effectively and orthogonally on B x .
Let U be the r-neighborhood of V + x in E n . Then we have
The group N acts trivially on E n /V . Hence U/N is isometric to (V + x)/N × B x . Let F = V /N. Then F is a compact flat k-orbifold with k = n − m. Now F is isometric to (V + x)/N, since N acts trivially on E n /V . The finite group G x acts diagonally on (V + x)/N × B x , isometrically on (V + x)/N, and effectively and orthogonally on B x . We have a commutative diagram
where the vertical maps are isometries, η is the restriction of η, and the bottom map is the natural projection. Thus E n /Γ geometrically fibers over the flat m-orbifold (E n /V )/(Γ/N) with generic fiber the flat k-orbifold F = V /N.
Let N be a normal subgroup of an n-dimensional space group Γ. We call the map η : E n /Γ → (E n /V )/(Γ/N) defined in the proof of Theorem 4, the fibration projection determined by N. Let T = {a + I ∈ Γ}. By Theorem 4, the fibration projection η determined by N is an injective Seifert fibering, with typical fiber V /(N ∩ T), in the sense of Lee and Raymond [11] . Proof. It follows from Theorem 2 that every normal subgroup of a space group is a space group. Hence a space group has no nontrivial finite normal subgroups. Therefore (1) implies (2) . As N/N is a finite normal subgroup of Γ/N, we have that (2) implies (3). Finally (3) implies (1) by Theorem 4.
If Γ is a group, let Z(Γ) be the center of Γ. If Γ is a finitely generated group, let β 1 be the first Betti number of Γ. Here Γ/[Γ, Γ] ∼ = G ⊕ Z β1 with G a finite abelian group. The next theorem strengthens Theorem 6 of Farkas [9] . Hence conjugation in Γ induces an action of Π on T. The group extension
determines an exact sequence of cohomology groups
Here T, Γ and Π act trivially on Z and H 1 (T, Z) Π is the subgroup of H 1 (T, Z) of elements fixed under the induced action of Π. By the universal coefficients theorem,
. By Corollary 5.5 in Chapter IV of Mac Lane [12] , we have H 2 (Π, Z) ∼ = Hom(Π, S 1 ), and so
. By the universal coefficients theorem,
Thus rank (Z(Γ)) = β 1 . Let V = Span(Z(Γ)). If a + I ∈ Z(Γ) and b + B ∈ Γ, then
Let Z(Γ) be the center of an n-dimensional space group Γ. Then every element of Z(Γ) is a translation, the rank of Z(Γ) is the first Betti number β 1 of Γ, and Z(Γ) is a complete normal subgroup of Γ by Theorem 6. Let V = Span(Z(Γ)). By Theorem 4, the flat orbifold E n /Γ geometrically fibers over the flat orbifold (E n /V )/(Γ/Z(Γ)) with generic fiber the flat
Thus Γ V +x acts as a discrete group of translations on V + x. As Γ V +x contains Z(Γ), we have that (V + x)/Γ V +x is a β 1 -torus. Thus all the fibers of the fibration projection η :
The projection from (V + x)/Z(Γ) to (V + x)/Γ V +x is a covering projection for each x ∈ V ⊥ . Therefore the action of V /Z(Γ) on E n /Γ is an injective toral action in the sense of Conner and Raymond [5] .
Equivalence of Geometric Fibrations
Let M be a flat n-orbifold. Suppose M geometrically fibers over a flat m-orbifold B i with generic fiber a flat k-orbifold F i and fibration projection η i : M → B i for i = 1, 2. Then the fibration projections η 1 and η 2 are said to be geometrically equivalent if there is an isometry β : B 1 → B 2 such that βη 1 = η 2 . Let V + x project to a generic fiber F of η, that is, to a fiber of η with G = 1. By conjugating Γ by −x + I, we may assume that x = 0. Now F = ΓV /Γ which is isomorphic to V /Γ V where Γ V = {γ ∈ Γ : γ(V ) = V }. As η is isometrically equivalent to the projection F × D → D in a tubular neighborhood of the fiber F , we deduce that
We claim that Γ V is a normal subgroup of Γ. Let b + B ∈ Γ and a + A ∈ Γ V . Then we have
Now F = V /Γ V is compact, and so Γ V acts as a space group of isometries of V .
The fibration projection η and the fibration projection η V determined by Γ V have the same fibers. Hence there is a homeomorphism β :
The map φ is an isometry, since the metrics on B and (E n /V )/(Γ/Γ V ) are determined by the distance between fibers in E n /Γ. Therefore η is geometrically equivalent to η V .
Let M i be a connected, complete, flat n-orbifold for i = 1, 2. Suppose M i geometrically fibers over a flat m-orbifold B i with generic fiber a flat k-orbifold F i and fibration projection η i : M i → B i for i = 1, 2. The fibration projections η 1 and η 2 are said to be isometrically equivalent if there are isometries α : 
Proof. There exists an n-dimensional space group Γ and an isometry α : M → E n /Γ by Theorem 13.3.10 of Ratcliffe [14] . The map ηα −1 : E n /Γ → B is a geometric fibration projection. There exists a complete normal subgroup N of Γ and an isometry β : B → (E n /V )/(Γ/N) such that β(ηα −1 ) = η V by Theorem 7. Hence βη = η V α, and so η is isometrically equivalent to η V . Theorem 9. Let N i be a complete normal subgroup of an n-dimensional crystallographic group Γ i for i = 1, 2, and let 
Proof. Suppose η 1 and η 2 are isometrically equivalent. Then there exists isometries
n by Theorem 13.2.6 of Ratcliffe [14] . Therefore ξΓ 1 ξ −1 = Γ 2 . As βη 1 = η 2 α, the isometry α maps a generic fiber of η 1 onto a generic fiber of η 2 . Let V 1 + x be a coset of V 1 that projects to a generic fiber of η 1 . Then ξ maps V 1 + x onto V 2 + ξ(x) and V 2 + ξ(x) projects to a generic fiber of η 2 . Hence ξ conjugates the stabilizer of
n . Let T i be the group of translations of Γ i for i = 1, 2. Then
Hence ξ induces an isometry
defined by
If x ∈ E n , we have
Therefore βη 1 = η 2 α. Thus η 1 and η 2 are isometrically equivalent.
Let M be a connected, complete flat n-orbifold. A universal orbifold covering projection is a geometric fibration projection π :M → M that is isometrically equivalent to the natural projection π Γ : E n → E n /Γ for some discrete group Γ of isometries of E n . There exists a universal orbifold covering projection π :M → M by Theorem 13.3.10 of [14] , and any two universal orbifold covering projections π i :M i → M , i = 1, 2, are isometrically equivalent by Theorem 13.2.6 of [14] . Let π i :M i → M i be universal orbifold covering projections for i = 1, 2. A homeomorphism α : M 1 → M 2 is said to be affine if there is an affine homeomorphism α :M 1 →M 2 such that απ 1 = π 2α . Note that α : M 1 → M 2 being affine does not depend on the choice of the universal orbifold covering projections
The fibration projections η 1 and η 2 are said to be affinely equivalent if there are affine homeomorphisms α : M 1 → M 2 and β : B 1 → B 2 such that βη 1 = η 2 α. Theorem 10. Let N i be a complete normal subgroup of an n-dimensional space group Γ i for i = 1, 2, and let
be the fibration projections determined by N i for i = 1, 2. Then the following are equivalent:
(1) The fibration projections η 1 and η 2 are affinely equivalent. (2) There is an affine homeomorphism φ of E n such that φΓ 1 φ −1 = Γ 2 and
Proof. The proof of the equivalence of (1) and (2) is the same as the proof of Theorem 9. The equivalence of (2) and (3) follows from Theorem 7.5.4 of Ratcliffe [14] .
Reducibility of Crystallographic Groups
Let N be a normal subgroup of an n-dimensional space group Γ. The dimension of N, denoted by dim(N), is defined to be the dimension of V = Span(N). Note that dim(N) is equal to the virtual cohomological dimension of N by Theorem 2. The theory in this paper is nontrivial only if 0 < dim(N) < n, and so we should discuss when such a normal subgroup N exists.
Let T be the group of translations of Γ, and let Π be the point group of Γ. The group T is free abelian of rank n and {b : b + I ∈ T} spans E n by Theorem 1. Choose a set {b 1 + I, . . . , b n + I} of n generators of T. Then
The representation ρ is said be reducible if there is an integer k, with 0 < k < n, such that every matrix in the image of ρ is in the block form
The group Γ is said to be Z-reducible, if there is a set of n generators of T such that the corresponding representation ρ : Π → GL(n, Z) is reducible.
Theorem 11. Let Γ be an n-dimensional space group with translation group T and point group Π. Then the following are equivalent:
(1) The group Γ is Z-reducible.
(2) There exists a Π-invariant vector subspace V of E n with basis {b 1 , . . . , b k } such that 0 < k < n and b i + I ∈ T for each i = 1, . . . , k. (3) The group Γ has a normal subgroup N of dimension k with 0 < k < n.
Proof. Suppose Γ is Z-reducible. Then there is a set of generators {b 1 +I, . . . , b n +I} of T such that the corresponding representation ρ : Π → GL(n, Z) is reducible. Let k be the integer in the definition of reducibility, and let V = Span{b 1 , . . . , b k }. Then V is a Π-invariant vector subspace of E n with basis {b 1 , . . . , b k } such that 0 < k < n and b i + I ∈ T for each i = 1, . . . , k. Thus (1) implies (2) .
Suppose there exists a Π-invariant vector subspace V of E n with basis {b 1 , . . . , b k } such that 0 < k < n and b i + I ∈ T for each i = 1, . . . , k. Define
As V is Π-invariant, N is a normal subgroup of Γ. As V = Span(N), we have that dim(N) = k. Thus (2) implies (3).
Suppose Γ has a normal subgroup N of dimension k with 0 < k < n. Then T has a set of generators {b 1 + I, . . . , b n + I} such that b 1 + I, . . . , b k + I generate N ∩ T by the proof of Lemma 1. As N ∩ T is a normal subgroup of Γ, the additive group generated by b 1 , . . . , b k is Π-invariant. Hence the representation ρ : Π → GL(n, Z) determined by the set of generators {b 1 + I, . . . , b n + I} of T is reducible. Thus (3) implies (1).
Proof. This follows from Theorem 11 and Proposition 2.1.1 of Brown, Neubüser, and Zassenhaus [3] .
Let N and N ′ be a normal subgroups of a space group Γ. We say that N and N 
Geometric Fiber Bundles
Let Γ be an n-dimensional space group. If E n /Γ geometrically fibers over a flat manifold B with generic fiber a flat orbifold F , then E n /Γ is a fiber bundle over B with totally geodesic fibers isometric to F . Proof. Suppose (E n /V )/(Γ/N) is a flat manifold. Then the quotient map from E n /V to (E n /V )/(Γ/N) is a universal covering projection with Γ/N its group of covering transformations. Therefore (E n /V )/(Γ/N) is an aspherical manifold, and so its fundamental group is torsion-free. Therefore Γ/N is torsion-free.
Conversely if Γ/N is torsion-free, then (E n /V )/(Γ/N) is a flat manifold, since the finite group G x = Γ V +x /N is trivial for each x ∈ V ⊥ .
Theorem 13. Let N be a normal subgroup of an n-dimensional space group Γ such that Γ/N is torsion-free, and let V = Span(N). Then N is complete, and the flat orbifold E n /Γ is a geometric fiber bundle over the flat manifold (E n /V )/(Γ/N) with fiber the flat orbifold V /N.
Proof. We have that N is complete by Theorem 5. The rest of the theorem follows from Lemma 2 and Theorem 4. Theorem 14. Let Γ be an n-dimensional space group with first Betti number β 1 . Then Γ has a unique normal subgroup N such that Γ/N is a free abelian group of rank β 1 , and the flat orbifold E n /Γ uniquely fibers as a geometric fiber bundle over a flat β 1 -torus.
with G a finite abelian group. Hence the subgroup of Γ containing [Γ, Γ] that corresponds to G is the unique normal subgroup N of Γ such that Γ/N is a free abelian group of rank β 1 . By Theorem 13, we have that N is complete. Let V = Span(N). Then (E n /V )/(Γ/N) is a flat β 1 -torus, since Γ/N is a free abelian group of rank β 1 . Therefore E n /Γ fibers as a geometric fiber bundle over a flat β 1 -torus by Theorem 4. The flat orbifold E n /Γ uniquely fibers as a geometric fiber bundle over a flat β 1 -torus by Theorem 7, since N is the unique normal subgroup of Γ such that Γ/N is free abelian of rank β 1 .
Splitting Crystallographic Group Extensions
Let N be a complete normal subgroup of an n-dimensional space group Γ, and let V = Span(N). We call the exact sequence of natural group homomorphisms,
a space group extension. In this section, we study the relationship between a space group extension splitting (p having a right inverse) and the corresponding fibration projection η : E n /Γ → (E n /V )/(Γ/N) having an affine section. Here an affine section of η is an affine map σ : (E n /V )/(Γ/N) → E n /Γ such that ησ is the identity map of (E n /V )/(Γ/N). A map σ : (E n /V )/(Γ/N) → E n /Γ is affine if σ lifts to an affine mapσ : E n /V → E n with respect to the natural quotient maps. Proof. Suppose that the space group extension splits. Then Γ has a subgroup Σ such that p maps Σ isometrically onto Γ/N. By Theorem 5.4.6 of [14] , the group Σ has a free abelian subgroup H of rank m and finite index, there is an m-plane Q of E n such that H acts effectively on Q as a discrete group of translations, and the m-plane Q is invariant under Σ. Hence
By conjugating Γ by a translation, we may assume that Q is a vector subspace of E n . Let a 1 + A 1 , . . . , a m + A m be generators of H. Then a i ∈ Q for each i and A i fixes Q pointwise for each i. Let k be the order of the point group of Γ. Then (a i + A i ) k = ka i + I for each i. Hence, by replacing H by a subgroup of finite index, we may assume that A i = I for each i. Now p(a i + I) acts on E n /V by N(a i + I)(V + x) = V + x + a i , and so p(a i + I) acts as a translation on E n /V for each i. As p(H) has finite index in Γ/N, we have that p(H) has finite index in the translation subgroup of Γ/N. Therefore the vectors V + a 1 , . . . , V + a m span E n /V . Hence the quotient map π :
n , then x can be written uniquely as x = x V + x Q with x V ∈ V and
Then φ is a well-defined linear isomorphism.
Let a + A ∈ Σ. Then a ∈ Q and A leaves both V and Q invariant. Observe that
Hence φ induces an affine map φ : (
Therefore ηφ is the identity map. Thus φ is an affine section of η. Proof. By conjugating Γ by a translation, we may assume that x 0 = Γ0. Then σ lifts to an affine mapσ : E n /V → E n such that Im(σ) is a vector subspace Q of E n and the following diagram commutes
where the vertical maps are the quotient maps. Now we have
Letη : E n → E n /V be the quotient map. Then π Γ/Nη = ηπ Γ , and so
Asη(Q) is a vector subspace of E n /V , we deduce thatη(Q) = E n /V . Thereforẽ ησ : E n /V → E n /V is an affine homeomorphism, and soσ : E n /V → E n is an affine embedding whose image is Q.
Let Σ be the stabilizer of Q in Γ, and let a + A ∈ N ∩ Σ. Then a ∈ V ∩ Q = {0}. Hence A = I, since Γ0 is an ordinary point of the fiber F 0 = π Γ (V ), which is isometric to V /Γ V . Therefore N ∩ Σ = {I}.
Suppose a + A ∈ Σ and a + A fixes Q pointwise. Then a = 0, since 0 ∈ Q. Let x ∈ Q. Write x = v + w with v ∈ V and w ∈ V ⊥ . Then Ax = Av + Aw, and so x = Av + Aw. Now Av ∈ V and Aw ∈ V ⊥ , and so Av = v and Aw = w. Hence A fixes V ⊥ pointwise, sinceη(Q) = E n /V . Therefore A ∈ N. Hence A = I, since Γ0 is an ordinary point of F 0 . Thus Σ acts effectively on Q.
Suppose x ∈ Q, and γ ∈ Γ, and y = γx ∈ Q. Choose r > 0 small enough so that B(y, r) ∩ B(αy, r) = ∅ unless α ∈ Γ y , the stabilizer of y in Γ. Then we have
We have π Γ (B(y, r) ∩ γQ) = π Γ (B(y, r) ∩ Q). Therefore, we have Therefore γQ = αQ for some α ∈ Γ y , since Γ y is finite. Hence α −1 γQ = Q and α −1 γx = y. Thus α −1 γ ∈ Σ and π Γ induces an isometry from Q/Σ to Im(σ). We have a commutative diagram
withη 1 , η 1 , (π Γ ) 1 the restrictions ofη, η, π Γ , respectively; moreover,η 1 and η 1 are homeomorphisms and the fibers of (π Γ ) 1 are the orbits of the action of Σ on Q. Let x ∈ Q such that π Γ/Nη1 (x) = π Γ/N (V + x) is an ordinary point of (E n /V )/(Γ/N), and let Nγ ∈ Γ/N. Then there exists γ ′ ∈ Σ such thatη 1 (γ ′ x) = (Nγ)η 1 (x). Hence (Nγ ′ )(V + x) = (Nγ)(V + x), and so Nγ ′ = Nγ, since π Γ/N (V + x) is an ordinary point of (E n /V )/(Γ/N). Therefore NΣ = Γ. Hence, the space group extension
splits with p mapping Σ isometrically onto Γ/N. Proof. If the space group extension 1 → N → Γ → Γ/N → 1 splits, then η has an affine section by Lemma 3. If η has an affine section σ, then Im(σ) intersects every generic fiber of η at an ordinary point, since every point of a generic fiber is an ordinary point, because N is torsion-free. Therefore, the space group extension 1 → N → Γ → Γ/N → 1 splits by Lemma 4. The mapσ :
Henceσ induces a map
and so σ is a section of η and an affine isometric embedding. Proof. By conjugating Γ, we may assume that ΓV /Γ is a generic fiber of η. Then ΓV /Γ is isometric to V /N. By Lemma 5, the fibration projection η : E n /Γ → (E n /V )/(Γ/N) has an affine section σ such that Im(σ) intersects the fiber ΓV /Γ in the ordinary point Γv 0 . Hence the space group extension 1 → N → Γ → Γ/N → 1 splits by Lemma 4.
For example, consider a space group extension 1 → N → Γ → Γ/N → 1 such that N is an infinite dihedral group. Then V /N is a closed interval. The midpoint of the closed interval V /N is an ordinary point of V /N that is fixed by the nonidentity isometry of V /N. Hence the space group extension 1 → N → Γ → Γ/N → 1 splits by Theorem 16.
We next consider an example that shows that the hypothesis that Nv 0 is an ordinary point cannot be dropped in Theorem 16. Let Γ be the 3-dimensional space group with IT number 113 in Table 1B of [4] . Then Γ = t 1 , t 2 , t 3 , α, β, γ where t i = e i +I for i = 1, 2, 3 are the standard translations, and α = The group N = t 1 , t 2 , α, βγ is a complete normal subgroup of Γ with V = Span(N) = Span{e 1 , e 2 }. The isomorphism type of N is 2 * 22 in Conway's notation [6] or cmm in the international notation [15] . The flat orbifold V /N is a pointed hood. The orbifold V /N has a unique cone point N( The proofs of the other three cases for D are similar. This example also shows that the hypothesis that N is torsion-free cannot be dropped in Theorem 15.
Seifert Fibrations
We call a geometric fibration of a flat n-orbifold M over a flat (n − 1)-orbifold B with generic fiber a connected, compact, flat 1-orbifold F a geometric Seifert fibration. Here F is either a circle or a closed interval. Seifert fibrations of compact flat 3-orbifolds have been studied by Bonahon and Siebenmann [2] , Dunbar [8] , and Conway et al. [7] . Every Seifert fibration of a compact flat 2-or 3-orbifold is isotopic to a geometric Seifert fibration by Proposition 2.12 of Boileau, Maillot, and Porti [1] and the discussion in [2] .
Let F be a connected, compact, flat 1-orbifold, and let B be a flat (n−1)-orbifold B. Then F × B is a flat n-orbifold. The natural projection of F × B onto B is a geometric Seifert fibration over B with generic fiber F .
Let I be a closed interval, letB be a connected, complete, flat (n − 1)-orbifold, and let σ be an involution of I ×B which acts diagonally, as a reflection on I, and effectively and isometrically onB. Let M = (I ×B)/ σ . Then M is a flat n-orbifold and B =B/ σ is a flat (n − 1)-orbifold. The natural projection of M onto B is a geometric Seifert fibration over B with generic fiber I. The flat orbifold M is called the twisted I-bundle over B determined by the orbifold double coverB of B. Proof. ThatṀ is a flat (n − 1)-orbifold andη is a geometric fibration over B with generic fiberİ follows from the definition of the geometric fibration η. The orbifolḋ M is complete, sinceṀ is a closed subspace of the complete metric space M . Let B 1/2 be the union of all the points of the fibers of η that are determined by the midpoint of I. Then B 1/2 is a flat (n − 1)-orbifold, and η maps B 1/2 isometrically onto B. The geometric fibrationη :Ṁ → B is geometrically equivalent to the fiberwise projection fromṀ to B 1/2 .
SupposeṀ is disconnected. ThenṀ has exactly two connected components B 0 and B 1 , andη maps B i isometrically onto B for each i, sinceη :Ṁ → B is an orbifold double covering and B is connected. Hence B 1/2 is two-sided in M . Parameterize I so that I = [0, ℓ]. Define φ : I × B → M by φ(t, y) = y t where y t is the point in η −1 (y) which is at a distance t from B 0 along η −1 (y) towards B 1 . Then φ is an isometry, and η is isometrically equivalent to the natural projection I × B → B.
SupposeṀ is connected. Then B 1/2 is one-sided in M . Let τ :Ṁ →Ṁ be the continuous involution that transposes the endpoints of the fibers of η that are isometric to I. Then τ is an isometry. Note that x is fixed by τ if and only if η −1 (η(x)) is a singular fiber isometric to I folded in half. The geometric fibratioṅ η :Ṁ → B induces an isometry fromṀ / τ to B. Define φ : I ×Ṁ → M by φ(t, x) = x t where x t is the point of η −1 (η(x)) which is at a distance t from x if t ≤ ℓ/2 or at a distance ℓ − t from τ (x) if t ≥ ℓ/2. Let σ : I ×Ṁ be the isometry that acts diagonally, as the reflection in I, and by τ onṀ . Then φ induces an isometry from (I ×Ṁ )/ σ to M , and η is isometrically equivalent to the natural projection of the twisted I-bundle over B determined by the orbifold double coverinġ η :Ṁ → B. Proof. Let V = Span(N), and let n = dim(Γ). Then I = V /N is a closed interval and the fibration projection η : E n /Γ → (E n /V )/(Γ/N) is a geometric Seifert fibration with generic fiber I. Let M = E n /Γ. By Theorem 16, the group Γ has a subgroup Σ such that p maps Σ isomorphically onto Γ/N, and by Theorem 17, either Γ = N × Σ, with Σ orthogonal to N, ifṀ is disconnected, or else Σ has a subgroup Σ 0 of index 2, ifṀ is connected, corresponding to the orbifold double coverṀ of (E n /V )/(Γ/N), such that if Γ 0 = NΣ 0 , then Γ 0 = N × Σ 0 , since I ×Ṁ double covers M . If Γ = N × Σ, then Σ is unique, since Σ is the centralizer of N in Γ. If Γ = N × Σ, then Σ 0 is unique, since Σ 0 is the centralizer of N in Γ. To see that Σ is not necessarily unique, see example (5) in the next section. The group Σ 0 is normal in Γ, since Σ 0 is the centralizer of a normal subgroup of Γ. The group Σ 0 is complete and Γ/Σ 0 is an infinite dihedral group, since Σ 0 corresponds to the generic fiber of the geometric fibration of (I ×Ṁ )/ σ over I/ σ induced by projection along the first factor. Finally Σ 0 is orthogonal to N, since Σ can be chosen to be orthogonal to N as in the proof of Lemma 5.
Reducible 2-Dimensional Crystallographic Groups
Let Γ be a 2-dimensional space group. Then every nontrivial geometric fibration of E 2 /Γ is a Seifert fibration. If b + B ∈ Γ and B has no 1-dimensional invariant vector space, then E 2 /Γ does not Seifert fiber. Hence if B is a rotation of order 3 or 4, then E 2 /Γ does not Seifert fiber. This excludes 8 of the 2-dimensional space group isomorphism types. The orbifolds of the remaining 9 isomorphism types do Seifert fiber. We now describe all of these geometric Seifert fibrations. We denote a circle by O and a closed interval by I.
We consider the groups in the order of Table 1A of Brown et al. [4] which corresponds to the IT order [10] . We use the generators for the representatives of the isomorphism types of the 2-dimensional space groups listed in Table 1A of [4] . Let t 1 = e 1 + I and t 2 = e 2 + I be the standard basis translations, and let
Let a, b be relatively prime integers, let c, d be integers such that ad − bc = 1, and let φ : E 2 → E 2 be the linear automorphism defined by φ(e 1 ) = (a, b) and φ(e 2 ) = (c, d). The symbol ⋊ denotes a semidirect product of groups.
(1) Let Γ = t 1 , t 2 . The isomorphism type of Γ is • (p1). Here • is Conway's notation [6] and p1 is the IT notation [15] . The orbifold E 2 /Γ is a flat torus and E 2 /Γ is the cartesian product O × O. The proper, complete, normal subgroups of Γ are of the form t . Therefore, all the geometric Seifert fiberings of E 2 /Γ are affinely equivalent.
(3) Let Γ = t 1 , t 2 , B . The isomorphism type of Γ is * * (pm) and E 2 /Γ is a flat annulus. The proper, complete, normal subgroups of Γ are Z(Γ) = t 1 and t 2 , B . We have Γ = t 1 × t 2 , B , and so E 2 /Γ is the cartesian product O × I. (4) Let Γ = t 1 , t 2 , β where β = 1 2 e 1 + B. The isomorphism type of Γ is ×× (pg) and E 2 /Γ is a flat Klein bottle. The proper, complete, normal subgroups of Γ are Z(Γ) = t 1 and t 2 . Now Γ/ t 1 ∼ = D ∞ , and so E 2 /Γ geometrically fibers over I with generic fiber O. The extension t 1 → Γ → D ∞ does not split, since Γ is torsion-free. Also Γ = t 2 ⋊ β , and so E 2 /Γ is a geometric fiber bundle over O with fiber O.
(5) Let Γ = t 1 , t 2 , C . The isomorphism type of Γ is * × (cm) and E 2 /Γ is a flat Möbius band. The proper, complete, normal subgroups of Γ are Z(Γ) = t 1 t 2 and t 1 t −1 2 , C . Now Γ/ t 1 t 2 ∼ = D ∞ , and so E 2 /Γ geometrically fibers over I with generic fiber O. The extension t 1 t 2 → Γ → D ∞ does not split, since Γ is not the direct product of t 1 t 2 and D ∞ . Also Γ = t 1 t −1 2 , C ⋊ t i C for i = 1, 2, and so E 2 /Γ is a geometric fiber bundle over O with fiber I. We have (t i C) 2 = t 1 t 2 for i = 1, 2, and t 1 t 2 is the centralizer of
2 C, we have that t 1 C = t 2 C . Hence the subgroup Σ = t 1 C in Theorem 18 is not necessarily unique.
(6) Let Γ = t 1 , t 2 , A, B . The isomorphism type of Γ is * 2222 (pmm) and E 2 /Γ is a square. The proper, complete, normal subgroups of Γ are t 1 , AB and t 2 , B . Now Γ = t 1 , AB × t 2 , B , and so E 2 /Γ is the cartesian product I × I. The linear automorphism σ : E 2 → E 2 , defined by σ(e 1 ) = e 2 and σ(e 2 ) = e 1 , normalizes Γ and conjugates t 1 , AB to t 2 , B . Therefore, the two geometric Seifert fiberings of E 2 /Γ are isometrically equivalent. (7) Let Γ = t 1 , t 2 , A, β where β = 1 2 e 2 + B. The isomorphism type is 22 * (pmg) and E 2 /Γ is a pillowcase. The proper, complete, normal subgroups of Γ are t 1 and t 2 , β . Now Γ = t 1 ⋊ A, β , and so E 2 /Γ geometrically fibers over I with generic fiber O. Also Γ = t 2 , β ⋊ t 1 , A , and so E 2 /Γ geometrically fibers over I with generic fiber I.
(8) Let Γ = t 1 , t 2 , A, β where β = 1 2 e 1 + 1 2 e 2 + B. The isomorphism type of Γ is 22×(pgg) and E 2 /Γ is a projective pillow. The proper, complete, normal subgroups of Γ are t 1 and t 2 . Now Γ/ t i ∼ = D ∞ for i = 1, 2, and so E 2 /Γ geometrically fibers over I, with generic fiber O, in two ways. The extension t 1 → Γ → D ∞ does not split, since β projects to an element of order 2 but t k 1 β is a glide-reflection for each integer k. The linear automorphism σ : E 2 → E 2 , defined by σ(e 1 ) = e 2 and σ(e 2 ) = e 1 , normalizes Γ and conjugates t 1 to t 2 . Therefore, the two geometric Seifert fiberings of E 2 /Γ are isometrically equivalent. Hence the extension t 2 → Γ → D ∞ also does not split.
(9) Let Γ = t 1 , t 2 , A, C . The isomorphism type of Γ is 2 * 22 (cmm) and E 2 /Γ is a pointed hood. The proper, complete, normal subgroups of Γ are t 1 t 2 , AC and
2 , C . Now Γ = t 1 t 2 , AC ⋊ t 1 A, C and Γ = t 1 t
−1
2 , C ⋊ t 1 A, AC , and so E 2 /Γ geometrically fibers over I, with generic fiber I, in two ways. The linear automorphism σ : E 2 → E 2 , defined by σ(e 1 ) = e 1 and σ(e 2 ) = −e 2 , normalizes Γ and conjugates t 1 t 2 , AC to t 1 t −1 2 , C . Therefore, the two geometric Seifert fiberings of E 2 /Γ are isometrically equivalent.
Co-Seifert Fibrations
Let M be a flat n-orbifold. We call a geometric fibration of M over a connected, compact, flat 1-orbifold B, with generic fiber a flat (n − 1)-orbifold F , a geometric co-Seifert fibration. Here B is either a circle O or a closed interval I. The structure of a geometric co-Seifert fibration η : M → B tells you a lot about the geometry and topology of the orbifold M . If the base B is a circle O, then M is a geometric fiber bundle over O with fiber F . Hence M is a mapping torus over F with monodromy an isometry of F . Moreover, the singular set Σ of M is a fiber bundle over O with fiber the singular set Σ * of F .
For example, take Γ to be as in (5) in §9. Then M = E 2 /Γ is a flat Möbius band, M is a geometric fiber bundle over O with fiber I, and M is the mapping torus over I with monodromy the reflection of I about the midpoint of I. The singular set Σ of M is the boundary of the Möbius band, which is a nontrivial fiber bundle over O with fiber the endpoints of I. Now suppose the base B is a closed interval I with endpoints 0 and 1. Let I
• be the open interval (0, 1). Then η −1 (I • ) is the cartesian product of F and I
• . Hence M is obtained from the open tube η −1 (I • ) by adjoining the two singular fibers F 0 = η −1 (0) and F 1 = η −1 (1) of η to the ends of the tube, one to each end. Let G 0 and G 1 be the finite groups of order 2 in the definition of the geometric fibration η such that F i is isometric to F/G i for i = 1, 2. There are three cases to consider.
The first case is when G 0 and G 1 both act trivially on F . Then M is the cartesian product F × I. The singular set Σ of M is F 0 ∪ (Σ * × I) ∪ F 1 where Σ * is the singular set of F .
For example, take Γ to be as in (6) in §9. Then M = E 2 /Γ is a square and M is the cartesian product I × I. The singular set of M is the boundary of the square, which is the union of the 4 closed intervals F 0 , Σ * × I, F 1 .
The second case is when one of G 0 and G 1 acts trivially on F and the other does not, say G 1 acts trivially on F and G 0 does not. Then M is isometric to (F × For example, take Γ to be as in (7) in §9. Then M = E 2 /Γ is a pillowcase and M geometrically fibers over I with generic fiber O as in the second case. We have that M is a twisted I-bundle over I with monodromy determined by a reflection of O. The singular set of M is the union of the boundary circle F 1 of M together with the two cone points which form the singular set of the closed interval F 0 .
As another example, take Γ to be as in (9) in §9. Then M = E 2 /Γ is a pointed hood and M geometrically fibers over I with generic fiber I as in the second case. We have that M is a twisted I-bundle over I with monodromy determined by the reflection of I. The singular set Σ of M is the boundary of M together with a single cone point. Observe that Σ is the union of the closed interval The third case is when G 0 and G 1 both act nontrivially on F .
, and let F 1/2 = η −1 (1/2). Then M i is a twisted I-bundle over F i with monodromy determined by the action of G i on F for i = 1, 2. Note that M i is a flat n-orbifold with totally geodesic boundary F 1/2 for each i = 1, 2. We have that
For example, take Γ to be as in (2) in §9. Then M = E 2 /Γ is a pillow and M geometrically fibers over I with generic fiber O as in the third case. Observe that M i is a pillowcase for each i = 1, 2, with F 1/2 their common boundary circle. The singular set of M is four cone points which form the union of the endpoints of the closed intervals F 0 and F 1 .
As another example, take Γ to be as in (8) in §9. Then M = E 2 /Γ is a projective pillow and M geometrically fibers over I with generic fiber O as in the third case. Here G 0 acts be a reflection on O and G 1 acts by the a half-turn on O. Therefore M 0 is a pillowcase and M 1 is a Möbius band, with F 1/2 is their common boundary circle. Therefore M is topologically a projective plane. The singular set of M consists of two cone points which are the endpoints of the closed interval F 0 .
As another example, take Γ to be as in (7) in §9. Then M = E 2 /Γ is a pillowcase and M geometrically fibers over I with generic fiber I as in the second case. Here G i acts on I by reflection for i = 1, 2, M i is a pointed hood for each i = 1, 2, and F 1/2 is a closed interval which is half the boundary of each hood. The singular set consists of the endpoints of the closed intervals F 0 and F 1 and two open intervals Σ * × (0, 1) . The two open intervals Σ * × (0, 1) together with one endpoint from each of F 0 and F 1 form the boundary circle of M .
Let Γ be a 3-dimensional, orientation preserving, space group. In [8] , Dunbar describes the topology and geometry of the flat orbifold E 3 /Γ. When E 3 /Γ co-Seifert fibers, the structure of a co-Seifert fibration can effectively be used to determine the topology and geometry of the orbifold E 3 /Γ.
Reducible 3-Dimensional Crystallographic Groups
Let Γ be a 3-dimensional space group with point group Π. Suppose E 3 /Γ geometrically fibers over a 1-or 2-dimensional flat orbifold. By Theorem 7, the geometric fibration of E 3 /Γ is determined by a complete normal subgroup N of Γ. Let V = Span(N). Then V is either a 1-or 2-dimensional vector subspace of E 3 . As both V and V ⊥ are invariant by Π, the group Π has a 1-dimensional invariant vector space.
The group Γ is said to be reducible or irreducible according as its point group Π has or has not a 1-dimensional invariant vector space. It is well known to crystallographers that reducibility of 3-dimensional space groups is equivalent to Zreducibility. Hence E 3 /Γ geometrically fibers over a flat 1-or 2-orbifold if and only if Γ is reducible by Theorems 4, 7, and 11.
There are six families of 3-dimensional space group isomorphism types, the triclinic, monoclinic, orthorhombic, tetragonal, hexagonal, and cubic families. See Table 1B of Brown et al. [4] where the six families are listed in the above order. The cubic family consists of all the irreducible isomorphism types. There are 35 irreducible 3-dimensional space group isomorphism types and 184 reducible 3-dimensional space group isomorphism types.
All the geometric Seifert fibrations of E 3 /Γ, up to affine equivalence, were neatly described by Conway et al. in their 2001 paper [7] . We will describe the Conway et al. formulation of a geometric fibration of E 3 /Γ over a flat 2-orbifold and show how it determines a dual geometric fibration of E 3 /Γ over a flat 1-orbifold with the same invariant 1-dimensional vector space.
Let Γ is a reducible 3-dimensional space group. Conway et al. represent a geometric fibration of E 3 /Γ over a flat 2-orbifold by an exact sequence
where H is a 2-dimensional space group and K = ker(π). Here an element g of Γ is represented in the form (g H , g V ) where π(g) = g H and g V is the 3rd coordinate function of g. The group K is generated by either the translation e 3 +I or e 3 +I and the reflection A = diag(1, 1, −1). The group extension is specified by normalized choices of the 3rd coordinate functions for a set of generators of H. The choices are such that {(I, g V ) : g ∈ Γ} is a discrete group Λ of isometries of E 3 containing K as a normal subgroup of finite index. The projection φ : g → g V is a group homomorphism whose image is a 1-dimensional space group isomorphic to Λ. Let N = ker(φ). Then N is complete by Theorem 5. Hence E 3 /Γ geometrically fibers over a flat 1-orbifold corresponding to the group extension
by Theorem 4 with Span(N) = Span{e 1 , e 2 }. Hence K and N are orthogonal. We call N the orthogonal dual of K, and we say that K and N correspond under orthogonal duality.
As K ∩ N = {I}, we have that π maps N isometrically onto a normal subgroup of H, moreover
All the elements of K commute with all the elements of N. The group Γ is the direct product of K and N if and only if K = Λ. This corresponds to the occurrence of a row of 0+ · · · 0+ 0− (resp. 0+ · · · 0+) in the couplings column of Table 1 of [7] for interval (resp. circular) fibrations.
The group Λ is infinite cyclic if and only if all the elements of Λ are translations. This corresponds to the occurrence of a row of all plus signs in the couplings column of Table 1 of [7] .
The tetragonal and hexagonal families of 3-dimensional space group isomorphism types (IT numbers 75-194) consist of all the reducible group isomorphism types whose point group has a unique 1-dimensional invariant vector space. If Γ belongs to one of these 110 isomorphism types, then Γ has a unique 1-dimensional, complete, normal subgroup K and a unique 2-dimensional, complete, normal subgroup N; moreover K and N are orthogonal. This is the case if and only if in the Conway et al. representation of Γ the group H is irreducible. Hence, the classification of the geometric co-Seifert fibrations of E 3 /Γ corresponds via orthogonal duality to the Conway et al. classification of the geometric Seifert fibrations of E 3 /Γ when Γ belongs to the tetragonal or hexagonal families.
The orthorhombic family (IT numbers 16-74) consists of all the reducible group isomorphism types whose point group has exactly three orthogonal 1-dimensional invariant vector spaces. If Γ belongs to one of these 59 isomorphism types, then Γ has exactly three 1-dimensional, complete, normal subgroups K 1 , K 2 , K 3 , and Γ has exactly three 2-mensional, complete, normal subgroups N 1 , N 2 , N 3 . This is the case if and only if in the Conway et al. representation of Γ the group H has exactly two proper complete, normal subgroups. We order K i and N i so that V i = Span(K i ) and W i = Span(N i ) are orthogonal complements for each i. The 1-dimensional vector spaces V 1 , V 2 , V 3 are mutually orthogonal.
Suppose α : E 3 → E 3 is an affine homeomorphism such that αΓα The triclinic and monoclinic families consists of all the reducible space group isomorphism types whose point group has infinitely many 1-dimensional invariant vector spaces. If Γ belongs to one of these 15 isomorphism types, then Γ has infinitely many 1-dimensional, complete, normal subgroups, and Γ has infinitely many 2-dimensional, complete, normal subgroups. This is the case if and only if in the Conway et al. representation of Γ the group H has infinitely many proper complete normal subgroups.
The triclinic family consists of two isomorphism types (IT numbers 1 and 2). If Γ belongs to the triclinic family, then all the geometric Seifert fibrations of E 3 /Γ are affinely equivalent and all the geometric co-Seifert fibrations of E 3 /Γ are affinely equivalent.
The monoclinic family consists of 13 isomorphism types (IT numbers [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . If Γ belongs to one of these 13 isomorphism types, then Γ has a unique 1-dimensional, complete, characteristic subgroup K and a unique 2-dimensional, complete, characteristic subgroup N; moreover K and N are orthogonal. The corresponding Seifert fibration is given by the primary name in Table 2b of [7] . The classification of the geometric co-Seifert fibrations of E 3 /Γ corresponds via orthogonal duality to the Conway et al. classification of the geometric Seifert fibrations of E 3 /Γ when Γ belongs to the monoclinic family except for the two cases ( * : ×) and (2 * 2 : 2) in [7] . In Table 1 , we replace the Seifert fibration ( * : ×) of space group IT 9 with the affine equivalent Seifert fibration ( * : × 1 ), with couplings Table 1 , the classification of the geometric co-Seifert fibrations of E 3 /Γ under affine equivalence corresponds via orthogonal duality to the Conway et al. classification of the geometric Seifert fibrations of E 3 /Γ. See Table 1 for the orthogonal correspondence between the the classifications of the Seifert and co-Seifert fibrations of E 3 /Γ. The first column of Table 1 is the IT number of the corresponding space group. The second column is the Conway fibrifold name of the Seifert fibration. The third column indicates whether or not the corresponding space group extension splits. If the generic fiber is a closed interval, then the space group extension splits by Theorem 16. The fourth column indicates the generic fiber of the orthogonal dual co-Seifert fibration. The fifth column indicates the base of the orthogonal dual coSeifert fibration with a centered dot representing a circle and a dash representing a closed interval. The sixth column indicates whether or not the corresponding space group extension splits. If the base is a circle, then the space group extension splits, since Γ/N is an infinite cyclic group. The seventh column gives the index of KN in Γ; in particular, the index is 1 if and only if both fibrations are direct products. If the generic fiber of the Seifert fibration is a closed interval, then the base of the co-Seifert fibration is also a closed interval and the index is 1 or 2 by Theorem 18. The information in Table 1 was obtained by computer calculations. Finally, the 10 closed flat space forms in Table 1 have IT numbers 1,4,7,9,19,29,33,76,144,169. 
